In this paper, an equivariant version of the classical Dold-Thom theorem is proved. Let G be a finite group, X a G-space, and k a covariant coefficient system on G. Then a topological abelian group GX ⊗ GF k is constructed by the coend construction. For a G-CW complex X, it is proved that there is a natural isomorphism
Introduction
From the point of view taken in this article, the classical Dold-Thom theorem concerns a functor which converts singular homology with Z coefficients to homotopy. This functor is the free abelian group functor, which sends a topological space X to the free abelian group Z · X generated by X with a suitable topology. The Dold-Thom theorem [2] asserts that for a CW complex X, π i (Z · X) ∼ = H i (X; Z).
(1.1)
More generally, given an abelian group A and a topological space X, McCord [9] associated functorially to them a topological abelian group B(X, A), which generalizes the construction of Z · X. If X is a CW complex, McCord [9, Theorem 11.4 ] proved π i (B(X, A)) ∼ = H i (X; A).
( 1.2)
The goal of this paper is to give an equivariant version of (1.2) . Throughout the paper, we fix a finite group G. Let X be a G-space. The equivariant analogue of the right hand side of (1.2) is the Bredon equivariant homology H G i (X; k) of X with coefficients in a covariant coefficient system k on G. (We will recall the definitions of these in Section 2 (see also [1] ).) The analogue of B(X, A) in (1.2) is our construction GX⊗ GF k (see Definition 2 and cf. (2.7)), which functorially assigns a topological abelian group to a G-space X and a covariant coefficient system k. We then prove in Section 4 our main theorem. Theorem 1.1. For a G-CW complex X, one has a natural isomorphism
where the right hand side is the Bredon equivariant homology of X with coefficients in k.
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The functor sending a G-space X to the topological abelian group GX ⊗ GF k is the functor in the title, which converts equivariant homology to homotopy as shown in Theorem 1.1.
The organization of this paper is as follows. In Section 2, we recall the definitions of covariant coefficient systems and Bredon equivariant homology. We also recall the coend construction here, which gives our construction in Section 3. We give the proof of Theorem 1.1 in Section 4. Theorem 1.1 generalizes certain results of LimaFilho [6] and dos Santos [3] in the unstable case. We consider their relationship and some other examples in Section 5.
Basic definitions
In this section, we recall the definitions of covariant coefficient systems and Bredon equivariant homology. In the process, we also recall the definition of the coend construction. (See [8] for more details.)
Let GF be the category of finite G-sets and G-maps. By definition, a covariant coefficient system is a covariant functor k : GF → Ab to the category of abelian groups, which converts disjoint union to direct sum. Remark 1. Instead of GF , one can consider the category G of orbit G-sets G/H, with H a subgroup of G, and G-maps. Since each finite G-set S is uniquely a disjoint union of orbits, and upon choosing a point, each orbit can be identified to G/H for some H, it is clear that a covariant coefficient system can be equivalently defined to be a covariant functor k : G → Ab. Such equivalence happens throughout the paper (actually for all G-objects). Therefore the whole paper can be written in terms of G. However as we will see, working with GF gives us advantages, since it subsumes the category F of finte sets, which is useful in view of Example 1.
We now recall the definition of Bredon equivariant homology following the singular approach of Illman [5] , but we formulate it in the language of coends. This formulation is suggestive to our later construction and proof.
Recall that a simplicial object in a category C is a contravariant functor △ op → C, where △ is the category of sets n = {0, 1, · · · , n} and monotonic maps. For a topological space X, recall that the singular simplicial set of X is defined as the represented functor
where U is the category of topological spaces, and △ n is the standard topological n-simplex.
Similarly, one defines a G-object in a category C, which we assume to have finite products, to be a contravariant functor GF op → C, which converts disjoint union to product. For a G-space X, we define the associated G-space
as the represented functor in the category of G-spaces (where we regard S as having the discrete topology). (In this paper, the notation 'Hom' for a topological category always denotes a morphism space, unless a simplex ∆ n appears in the source.) One can combine these two and define a G-simplicial object (or a simplicial Gobject depending on context) in a category C to be a functor GF op × △ op → C, which converts disjoint union in GF to product. For a G-space X, we define the associated G-simplicial set as
where △ n has the trivial G-action. The meaning of equivariancy (for homology) is best expressed in the coend construction which we now recall. Definition 1. Let D be a small category, and C a category with finite products and all colimits. Let
be a contravariant and a covariant functor from D to C, respectively. The coend of T and S is an object of C which is the coequalizer of the following diagram
where the two right arrows are id × f * and f * × id with f * = S(f ) and f * = T (f ).
Clearly, the coend construction is functorial: If F : T → T ′ and G : S → S ′ are two natural transformations, then one has a natural morphism
For the purpose of this paper, D is either GF or F , the categories of finite G-sets or finite sets; C is either Set or U, the categories of sets or topological spaces. We also consider the natural forgetful functors Ab → Set and Ab → U with the discrete topology.
When the objects of C have elements (as for us), the coend T ⊗ D S has the following explicit form 5) where the equivalence relation is generated by tf * × s ≈ t × f * s for a morphism f : d → e of D and elements t ∈ T (e) and s ∈ S(d) whenever this makes sense. Here we write contravariant actions from the right to emphasize the analogy to tensor products.
We give one example to illustrate the nature of the coend construction.
A set X gives rise to a contravariant functor (abusing notation)
An abelian group A gives rise to a covariant functor
Then one has
X ⊗ F A = B(X, A), the abelian group generated by X with coefficients in A. Actually in view of (2.5),
If we define a map 6) then the equivalence relation (≈) is exactly the one for identifications. Analogously one has corresponding constructions for simplicial sets and topological spaces. In particular, for a topological space X one recovers B(X, A) with its topology in (1.2) as
where the product and coproduct are taken in the category U of topological spaces.
Now returning to the definition of Bredon equivariant homology, we define the equivariant singular simplicial abelian group of X with coefficients in k as
(It is intuitively clear that one gets a simplicial abelian group here. Also cf. Lemma 3.1.) The i-th equivariant homology group of the G-space X with coefficients in k is defined to be the i-th homotopy group [7] 
There is a chain complex C G * (X; k), associated to C G • (X; k), with the differentials as the alternating sums of the face maps. It is known [7] that the homotopy groups of C G • (X; k) are naturally isomorphic to the homology groups of C G * (X; k). Therefore one has the following equivalent definition [5] 
Construction
In this section, we give our construction and list some simple properties.
Lemma 3.1. Let k be a covariant coefficient system. The coend construction gives a functor
from the category of G-spaces (as a functor category) to the category of topological abelian groups.
Proof. In view of (2.4), we only need to show the abelian group structure.
For a G-space X , recall (2.5) that
We denote the equivalence class of an element by [−] .
We define the addition by juxtaposition: For (x S , κ S ) ∈ X (S)×k(S) and (x T , κ T ) ∈ X (T ) × k(T ), we define their sum to be
We define the inverse by the inverse in k: For (x, κ) ∈ X (S) × k(S), we define
Now let's check compatibility. By our definition,
for ((x, x), (κ, −κ)) ∈ X (S S) × k(S S). Consider the folding map
One sees that
It is clear that ∇ * (κ, −κ) = κ+(−κ) = 0. It is also clear that [(x, 0)] = 0 in X ⊗ GF k (since 0 "comes" from ∅). For a natural transformation φ : X → Y, let's check that (2.4)
is a homomorphism. In view of our definition of the addition, this boils down to the commutativity of following diagram
Definition 2. For a G-space X and a covariant coefficient system k, we define the topological abelian group GX ⊗ GF k as the coend construction in view of (2.2) and Lemma 3.1. Now we prove a simple lemma which will be used later. A G-homotopy from G-spaces X to Y is a G-map (natural transformation) H : I × X → Y, where I is the unit interval, and I × X is the G-space defined by (I × X )(S) = I × X (S) and similarly for morphisms. Two G-maps φ, ψ : X → Y are said to be G-homotopic if there exists a G-homotopy H from X to Y such that H(0, ·) = φ and H (1, ·) 
We have the following lemma.
Proof. Suppose that H : I × X → Y is a G-homotopy such that H(0, ·) = φ and H(1, ·) = ψ. Then by Lemma 3.1, H induces a continuous homomorphism
We also have a natural map
where (x, κ) ∈ X (S) × k(S) for some S.
Denote the composition of H * and i by H :
From Lemmas 3.2 and 3.1, we have the following corollary.
Proof of the main theorem
We first prove three lemmas concerning the geometric realization | • | (see [7] for reference), and then use them to prove our Theorem 1.1.
In view of (2.3), we know that |GSX| is a G-CW complex, whose value on a finite G-set S is
Lemma 4.1. Let GSX be the G-simplicial set associated to a G-space X. We have the following homeomorphism
i.e. the geometric realization commutes with the coend construction.
Proof. We proceed by the following sequence of homeomorphisms:
where the first and the last equalities follow from Definition 1, and the second from the following. It is well known [7] that |•| is the left adjoint of the singular simplicial set functor S in (2.1). Therefore | • | commutes with all colimits. The second equality follows from this since ×k(S) (with the discrete topology), coproducts and the coequalizer are all colimits.
For a G-space X, SX (2.1) is a simplicial G-set, and therefore |SX| is a G-CW complex. The associated G|SX| (2.2) is a G-CW complex, whose value on a finite G-set S is G|SX|(S) = Hom GU (S, |SX|).
We proceed by the following sequence of natural isomorphisms:
(Lemma (4.3) and Corollary (3.3))
Remark 2. In a joint work [4] with P. dos Santos, we will investigate what happens when the covariant coefficient system comes from a Mackey functor (see [8] for the definition). It turns out that our construction in Definition 2 will then have more structure. We then apply our construction and the knowledge from [3] to study the Eilenberg-MacLane spectrum and RO(G)-graded homology associated to the Mackey functor (again see [8] for the definition).
Examples
In this section, we calculate several examples of our construction GX ⊗ GF k for simple covariant coefficient systems, and then compare our Theorem 1.1 to some other results.
Let Z be the constant (on orbits) covariant coefficient system at Z, i.e.
and it converts disjoint union to direct sum. More categorically, letting q : GF → F; S → S/G be the quotient functor, one actually has
where Z is as in Example 1.
Proposition 5.1. For a G-space X, one has a natural homeomorphism
Proof. We first define natural maps in both directions. Let q (abusing notation) be the following composition (cf. (2.7)):
For the other direction, let α ∈ Hom U (T, X/G) with T ∈ F and consider the following pullback diagram in the category GU of G-spaces (T and X/G have Forgetting the G-actions, one has a natural map GX ⊗ GF M tr → M ⊗ X, which factorizes through
since in view of (2.6) f ([(α, β)]) = s∈S β(s)α(s) is invariant under G, for (α, β) ∈ Hom GU (S, X) × Hom G (S, M ). Now we want to show that there is a natural map
For an element a in M ⊗ X, one can always choose a representative (γ, δ) ∈ Hom U (T, X) × Hom(T, M ) = Hom U (T, X × M ) (5.1) for some T with γ injective. (If not, use Imγ instead and apply the equivalence relation. This amounts to adding coefficients of similar terms in view of (2.6).
Clearly the same applies to GX ⊗ GF M tr .) In particular if a ∈ (M ⊗ X) G , we see that Im(γ, δ) ⊂ X × M is invariant under the G-action and thus a finite G set with the induced G-action. Since (γ, δ) : T → Im(γ, δ) is a bijection by assumption, one sees that T has a natural G-action, such that (γ, δ) ∈ Hom GU (T, X × M ).
We then define h(a) = [(γ, δ)].
It is clear that f and h are well defined and inverses of each other (upon choosing representatives as in (5.1)).
